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We show that the theory of operator quantum error correction can be naturally generalized by
allowing constraints not only on states but also on observables. The resulting theory describes
the correction of algebras of observables and may therefore suitably be called “operator algebra
quantum error correction”. It allows for the simultaneous correction of several subsystems and does
not require the state to be entirely in one of the corresponding subspaces. We also show how this
formulation offers a formal framework for the study of information flows in quantum interactions,
with applications to decoherence and quantum measurements.
The theory of Operator Quantum Error Correction
(OQEC) [1, 2] provides a unified framework for the main
approach to active error correction in quantum com-
puting [3, 4, 5, 6, 7], together with the concepts of
decoherence-free and noiseless subspaces and subsystems
[8, 9, 10, 11, 12, 13, 14]. The approach allows for more
efficient correction procedures in active error correction
[15, 16, 17, 18], with possible implications for thresh-
old results in fault tolerant quantum computing, and has
led to the development of a structure theory for passive
quantum quantum error correction [19, 20]. In this paper
we give a further generalization of the theory, which we
refer to as Operator Algebra Quantum Error Correction
(OAQEC). It allows for the correction of any †-algebra of
observables. The main result is expressed by Theorem 2,
which characterizes when an algebra is correctable for a
given error model strictly in terms of the algebra and op-
eration elements for the error model. Also, the concept
of noiseless subsystems, which encapsulates the passive
version of OQEC, has recently been used in works of
fundamental nature [21, 22, 23, 24]. We show that our
framework allows for the more general theory of error
correction to be applied for similar purpose. Notably we
show its potential for the study of the information trans-
fer between interacting systems.
We consider a quantum channel E , i.e. a trace-
preserving (TP) and completely positive (CP) linear map
on operators acting on a Hilbert space H. If ρ is a den-





where {Ea} is a non-unique family of channel elements.
The standard theory of error correction addresses the
question whether a given subspace of states PH, called
the code, can be corrected in the sense that there ex-
ists a correction channel R such that R(E(ρ)) = ρ for
all states in the subspace; ρ = PρP . This amounts to
asking for a subspace on which E has a left inverse that
is a physical map. OQEC generalizes the scope of error
correction by only requiring a factor of the states of a
subsystem to be conserved: R(E(ρ ⊗ τ)) = ρ ⊗ τ ′ for
all ρ ⊗ τ in the subspace. Here we show that changing
the focus from that of states to that of observables yields
a natural generalization: conservation of a state implies
the conservation of all of its properties, and is therefore
a rather strong requirement. To require the conservation
of only some properties, i.e., of only some observables is
less restrictive.
We note that our approach differs from that of the sta-
bilizer formalism [7] where observables in the Heisenberg
picture are used as a way to characterize a subspace of
states. Our approach is closer in spirit to that of [25].
The idea that observables naturally characterize subsys-
tems has also been exploited in [26].
We begin by recalling that a general observable is a
positive operator-valued measure (POVM) X(∆) where
∆ ⊂ Ω, the set in which the observable X takes values.
For simplicity we consider observables with a finite num-
ber of outcomes which can be characterized by a family of
operators {Xa}. In the Heisenberg picture an observable
evolves according to the unital CP-map E† with elements
E†a instead of Ea. If for all values of the label a there ex-
ists an operator Ya such that Xa = E
†(Ya) then all the
statistical information about X has been conserved be-
cause then for any initial state ρ, Tr(ρXa) = Tr(E(ρ)Ya).
In practice, we need a channel R that maps each Xa to
one of the operators Ya which obeys R
†(Xa) = Ya, so
that (R ◦ E)†(Xa) = Xa. We will say that Xa is cor-
rectable for E and conserved by R ◦ E . In particular, if
X is a standard projective measurement, X2a = Xa for
all a, then the projectors Xa linearly span the †-algebra
they generate. Hence, in this case R ◦ E conserves an
entire commutative algebra. Therefore, focusing on cor-
rectable algebras rather than correctable vector spaces,
apart from allowing a complete characterization, is also
sufficient for the study of all the correctable projective ob-
servables. One result of this paper will be to show that
there exists a single channel R correcting all projective
observables correctable in the above sense. In fact, we
study a more general question: If we have some control
2on the initial states, which is expected in a quantum com-
putation, we can ask for an observable to be conserved
only if the state starts in a certain subspace PH. That
is, P (E† ◦ R†)(X)P = PXP . We derive a necessary and
sufficient condition for an entire algebra of operators on
PH to be simultaneously correctable in that sense. The
resulting theory contains OQEC, as the special case of
simple ampliated algebras, and the standard model as
the case of full matrix algebras.
Noiseless subsystems — First we recall the definition
of a noiseless subsystem and we give an equivalent def-
inition in terms of the dual channel E†. Consider a de-
composition of a finite-dimensional Hilbert space H as
H = (HA ⊗ HB) ⊕ K. We introduce the projector P on
the subspace HA ⊗ HB. Let B(HA) denote the set of
operators on HA. By definition, HA is a noiseless sub-
system for E if for all ρ ∈ B(HA) and σ ∈ B(HB) there
exists τ ∈ B(HB) such that E(ρ ⊗ σ) = ρ⊗ τ . In terms
of the dual channel E†, HA is a noiseless subsystem for
E if and only if
P E†(A⊗ 1)P = A⊗ 1 (1)
for all operators A acting on HA. This is a consequence
of the noiseless subsystem characterization from [1] as is
readily verified. We need the projectors P in Eq. (1) due
to the fact that the definition of the noiseless subsystem
is only concerned with what happens to states initially
in the subspace HA ⊗HB. In general, an initial compo-
nent outside this space may, after evolution, disturb the
otherwise noiseless observables.
Conserved observables — If PE†(Xa)P = PXaP for
all a we say that the observable X is conserved by E for
states in PH. More generally, let us say a †-algebra A is
conserved by E for states in PH if every element of A is
conserved; that is, if
P E†(X)P = PXP ∀X ∈ A. (2)
Notice that Eq. (2) gives a generalization of noise-
less subsystems. Indeed, any †-subalgebra A of B(PH)
for which all elements X ∈ A satisfy Eq. (2) is a di-
rect sum of noiseless subsystems. This can be seen by
first noting that any †-algebra A is unitarily equiva-
lent to a direct sum of ampliated full matrix algebras
A =
⊕
k(Mmk⊗1nk) for some full matrix algebrasMmk ,
and then applying Eq. (1). In particular, focussing on the
“simple” †-algebrasMmk ⊗1nk captures standard noise-
less subsystems as in Eq. (1).
The following theorem comes as an adaptation of re-
sults from [19]. The generalization here comes from the
fact that the algebra needs not contain the projector P .
Theorem 1. A †-subalgebra A of B(PH) is conserved on
states in PH by a channel E if and only if [EaP,X ] = 0
for all elements Ea and all X ∈ A.










PX = X . Reciprocally, we assume that each X ∈ A
satisfies PE†(X)P = X . Let Q
(k)
ij be a family of matrix
units for the subalgebra 1mk ⊗Mnk of the commutant of
the conserved algebra A. So the set Q
(k)
ij forms a linear












im . Let Q be the identity element of
A. Direct calculation shows that the elements Q
(k)
ij EaP
yield the same channel as the elements Q
(l)
mn. Therefore,
the former are linear combinations of the latter. This im-
plies that each Q
(k)
ij EaP belongs to the commutant of A,




ii . This means that
QEaPX = XEaP . Moreover, from QE
†(Q)Q = Q it fol-
lows that 0 ≤ QE†aQ
⊥EaQ ≤ QE
†(Q⊥)Q = 0, which im-
plies Q⊥EaQ = 0. Thus, QEaQ = EaQ, which together
with QEaPX = XEaP yields EaPX = XEaP .
Note that this theorem characterizes the †-subalgebras
of B(PH) which are conserved. More generally, one could
consider the restriction of a †-algebra to B(PH), which
need not be a †-algebra.
Theorem 1 allows us to define the largest conserved
†-subalgebra of B(PH) on subspace PH:
Corollary. The †-algebra A = {X : ∀a [X,EaP ] =
[X,PE†a] = 0} is conserved on states PH and contains
all †-subalgebras of B(PH) conserved on states PH.
Note that P itself may not belong to this algebra, un-
less it satisfies EaP = PEaP , which was the case con-
sidered in [19]. The case P = 1 was also derived in [27],
and may be regarded as a weaker form of the fixed point
theorem from [28] for the unital case.
Error correction of observables — We say that a
†−algebra A is correctable for E on states in the subspace
PH if there exists a channel R such that
P (R ◦ E)†(X)P = PXP ∀X ∈ A. (3)
Evidently this notion of correctability is more general
than the one addressed by the original framework of op-
erator quantum error correction. Indeed, OQEC focusses
on simple algebras, isomorphic to a full matrix algebra.
Here, we do not make this assumption and define cor-
rectability for any finite-dimensional algebra. A further
generalization is that we do not require P to belong to
the algebra considered.
We now state and prove the main result of the paper. It
generalizes the fundamental result for both the standard
model [4] and OQEC [1, 17].
Theorem 2. A †-subalgebra A of B(PH) is correctable
on PH for the channel E if and only if
[PE†cEbP,X ] = 0 ∀X ∈ A ∀c, b. (4)
Proof. We write Ra for the elements of R. According
to Theorem 1, the correctability condition for A implies
3RaEbX = XRaEbP for all X ∈ A and all a, b. But
we also have RaEbX

























We will prove the sufficiency of this condition by ex-





ii = 1mk ⊗1nk be the projector onto the kth
simple sector of the algebra A. Also let P0 = P − Q.
We have PkE
†
bEcPk = 1 ⊗ Abc for some operators Abc
and all k ≥ 1. Hence the theory of operator error cor-
rection guarantees that each subspace can be individ-
ually corrected. Here however we have the additional
property PkE
†
bEcPk′ = 0 whenever k 6= k
′, which al-
lows the correction of the state even if it is in a super-
position between several of the subspaces Pk. Explic-
itly, we have (1 ⊗ 〈l|)Pk(E
†






bc ∈ C, where we denote 1 = 1mk . Ac-
cording to the standard theory of error correction this
condition guarantees the existence of channels Rk cor-
recting the error operators Fckl = EcPk(1 ⊗ |l〉) for all
l and all c, or any linear combination of them. In par-
ticular, we will consider linear combinations of the form
F˜ck =
∑
n〈n|ψ〉Fckn = EcPk(1⊗ |ψ〉) for any normalized
vector |ψ〉. Furthermore, from the standard theory we
know the elements of the correction channels Rk can be









for some complex numbers α
(k)
clbj .
We now show that the channel R with elements
Rkcl = Pk(1 ⊗ |l〉)R
(k)
cl corrects the algebra A on states









cl EaPk. Hence, for
a general operator X =
∑
k Ak ⊗ 1 in the algebra we




















= Ak = (1⊗ 〈ψ|)(Ak ⊗ 1)(1⊗ |ψ〉),
where we have used the dual of the fact that







al EcPk = (Ak ⊗ 1) and summing
those terms over k yields P (E† ◦ R†)(X)P =
∑
k(Ak ⊗
1) = X .
Note that the above theorem is not sufficient for con-
crete error correction when the channel is not known pre-
cisely. One has to show that the correction channel R
also corrects any channel whose elements are linear com-
binations of the elements Ea. But the result still goes
through in this setting with an almost identical proof.
First notice that the condition [PE†cEbP,X ] = 0 is still
true for the new channel elements. Then, the proof holds
replacing the elements F˜ck by another linear combination
of the elements Fckn such that we are effectively correct-
ing the new channel.
In order to illustrate how OAQEC generalizes OQEC
we restate the theorem in the Schro¨dinger picture: Sup-
pose we have a decomposition






with Q the projector on (K ⊕H0)
⊥ and P the projector
on K⊥. Then there exists a channel R such that for any
operator ρ = τ0 +
∑
k ρk ⊗ τk with ρk ∈ B(HAk), τk ∈
B(HBk) and τ0 ∈ B(H0) there are operators τ
′
k ∈ B(HBk)
and τ ′0 ∈ B(K⊕H0) such that






if and only if for all c, b there are operators Acbk ∈
B(HBk) and A0 ∈ B(H0) such that




Note that contrary to the Heisenberg formulation of
Eq. (3), this formulation relies on the representation the-
ory for finite-dimensional C∗-algebras.
This result shows that given a channel E and any pro-
jector P , the †-algebra
AP = {X : X = PXP, [PE
†
cEbP,X ] = 0} (8)
is entirely correctable on PH and contains all correctable
†-subalgebras of B(PH) on PH.
Does this allow for more powerful error correction pro-
cedures than OQEC? Clearly if an algebra AP is cor-
rectable according to this scheme then each simple sector
is individually correctable through OQEC. However, here
we have the following advantages: First, all simple sectors
can be corrected simultaneously by the same correction
channel. Secondly, each simple sector can be corrected
even if the initial state is not entirely in the correspond-
ing subspace. In particular, the initial state could be in
a quantum superposition between various sectors.
Application to information flow—Our results can also
be applied to the study of a general quantum interaction.
To this end, consider the interaction between a system
and an apparatus where the initial state of the apparatus
is known: for any state |ψS〉 ∈ HS , we define V |ψS〉
.
=
U(|ψS〉 ⊗ |ψA〉) for a unitary U acting on HS ⊗HA and
a fixed initial state |ψA〉 ∈ HA. The symbol S stands
for “system” and A stands for “apparatus”. V is an
isometry between the space HS and the space HS ⊗HA.
Tracing over the final state of the apparatus gives us a
channel from B(HS) to B(HS): ESS(ρ) = TrA(V ρV
†).
We can also trace out the final state of the system to get
a channel from B(HS) to B(HA): ESA(ρ) = TrS(V ρV
†)
where ρ ∈ B(HS). See Figure 1.
4FIG. 1: Interaction between a system S and an apparatus
A of known initial state. Tracing over one of the two final
system gives us one of two channels ESS or ESA.
Using Theorem 2, we can determine which observables
have been preserved by each channel. The answer de-
pends on the subspace to which we choose to restrict our
states. However if we are interested in the interpretation
of this process as a measurement of the system by the
apparatus, or simply as a natural process, it makes sense
to put no restriction on the state of the system, that is
to set P = 1. The answers then are given by subalgebras
of B(HS). These subalgebras contain those observables
at initial time (before the evolution was applied), about
which the channel in question preserves all information.
Those algebras can be expressed in terms of the elements
of one of the channels. Indeed, if Ea are elements for ESS ,
then V can be expressed as V =
∑
aEa ⊗ |a〉 for some
orthogonal set of vectors |a〉 of HA. Then the elements of
the channel ESA are Fa =
∑
b |b〉〈a|Eb. This means that
the relevant operators (as in Eq. (4)) for the second chan-




c |a〉〈b|Ec = E
†
SS(|a〉〈b|). Note that
the operators |a〉〈b| form a basis for the whole operator
algebra B(HS). Hence the observables correctable for





the †-algebra of operators commuting with all operators
in the range of E†SS.
Let also ASS be the algebra of operators which are
correctable for ESS. By Theorem 2, ASS is the com-
mutant of the operators E†bEa. Then the observables
which have their information duplicated between the sys-
tem and the apparatus form the intersection ASS ∩ASA.
By Eq. (3) we haveASS ⊂ Ran E
†
SS , from which it follows




⊂ A′SS . Hence, the algebra
of duplicated observables is ASA ∩ ASS ⊂ A
′
SS ∩ ASS ,
where A′SS ∩ASS is the center of ASS : those elements of
the algebra which commute with all other elements. In
particular, the duplicated algebra is commutative; note
that the contrary would have violated the no-cloning the-
orem.
Summarizing, a direct consequence of Theorem 2 is
that in an open dynamics defined by a channel E , full in-
formation about a projective observable can escape the
system if and only if it commutes with the range of the
dual map E†, which is the set of observables with first
moment information conserved by E . This is a gener-
alization of the result in [27]. This analysis has im-
plication also for the theory of decoherence [29, 30]: a
unique commutative algebra of observables emerges nat-
urally as characterizing the information which is shared
between the system and the environment after an inter-
action. This suggests that the pointer observables should
be defined not just by their property of being stably en-
coded in the system but also with the requirement that
the information they represent is transmitted to the en-
vironment. In this sense there is no basis ambiguity [31]
for the interpretation of a unitary interaction as a mea-
surement of the system by the apparatus.
Outlook — We have presented a generalization of the
theory of operator quantum error correction that allows
for the correction of an arbitrary †-algebra of operators.
Our main result gives a characterization of correctable
codes in this scheme. This suggests a reinvestigation of
correctable codes that have appeared in the literature in
view of this result, for possibly improved efficiency en-
abled by the approach. Our analysis also suggests that a
further generalization is possible if a characterization can
be achieved of all correctable observables, without the
restriction to observables X satisfying X = PXP . Fur-
thermore, the fact that we have focused on †-algebras of
operators rather than general operator subspaces means
that we have not yet considered the possible conserva-
tion of the statistics of general POVMs. Finally, we have
applied our results to the case of the interaction of an
open system with an apparatus, where we characterized
the algebra of observables representing the information
that is being transfered to the apparatus. This approach
promises to be useful for the study of information flow in
general quantum interactions.
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